Constitutive equations are derived for the elastic response of swollen elastomers and hydrogels under an arbitrary deformation with finite strains. An expression is developed for the free energy density of a polymer network based on the Flory concept of flexible chains with constrained junctions and solvent-dependent reference configuration. The importance of introduction of a reference configuration evolving under swelling is confirmed by the analysis of experimental data on nanocomposite hydrogels subjected to swelling and drying. Adjustable parameters in the stress-strain relations are found by fitting observations on swollen elastomers, chemical gels (linked by covalent bonds and sliding cross-links), and physical gels under uniaxial stretching, equi-biaxial tension, and pure shear. Good agreement is demonstrated between the observations and results of numerical simulation. A pronounced difference is revealed between the effect of solvent content on elastic moduli of chemical and physical gels.
Introduction
This paper deals with constitutive modeling of the elastic behavior of chemical and physical gels under an arbitrary deformation with finite strains. Mechanical properties of partially and fully swollen hydrogels have attracted substantial attention in the past decade as these materials demonstrate potential for a wide range of applications including biomedical devices and drug delivery carriers, sensors for on-line process monitoring, soft actuators, and smart optical systems (Deligkaris et al., 2010; Messing and Schmidt, 2011; Buenger et al., 2012) .
Conventional experiments (uniaxial tension and compression) do not reveal all characteristic features of the nonlinear elastic behavior of hydrogels that can be observed in biaxial tests only (Urayama, 2006; Yohsuke et al., 2011) . Stress-strain diagrams on chemical and physical gels under uniaxial tension, equi-biaxial tension, and pure shear have recently been reported by Urayama et al. (2006) , Bitoh et al. (2010 Bitoh et al. ( , 2011 , Yohsuke et al. (2011) , Katashima et al. (2012) , to mention a few.
To describe experimental data on hydrogels subjected to multiaxial deformation with finite strains, adequate stress-strain relations are required whose parameters evolve consistently with environmental conditions (temperature, degree of swelling, etc.). Constitutive models for swollen elastomers and hydrogels have been derived by Dolbow et al. (2004) , Ji et al. (2006) , Hong et al. (2009 Hong et al. ( , 2008 , Duda et al. (2010) , Chester and Anand (2010) , Baek and Pence (2011) , Yan and Jin (2012) , Cai and Suo (2012) , Chester (2012) , Lucantonio et al. (2013) , Drozdov and Christiansen (2013) , to mention a few. Although these constitutive equations predict correctly the mechanical response of hydrogels under uniaxial tension and compression, their accuracy has not been examined by comparison with observations under multi-axial deformation.
The objective of this study is three-fold: (i) to develop a new expression for the specific free energy of a hydrogel grounded on the Flory concept of networks of flexible chains with constrained junctions (Flory, 1977) and solvent-dependent reference configuration (Quesada-Perez et al., 2011 , 2012 , (ii) to find adjustable parameters in the stress-strain relations by fitting observations on swollen elastomers and hydrogels under uniaxial stretching, equi-biaxial tension, and pure shear, and (iii) to discuss peculiarities of the mechanical behavior of elastomers, chemical gels, and physical gels (in particular, we focus on evolution of the stress-free state of a polymer network driven by swelling).
The exposition is organized as follows. Constitutive equations in finite elasticity of hydrogels under an arbitrary three-dimensional deformation are developed in Section 2 following the approach proposed by Hong et al. (2008) . The novelty of this derivation is that the reference configuration of the polymer network is presumed to evolve with time, which implies an additional thermodynamic inequality for the coefficient of inflation. In Section 3, explicit expressions are suggested for the strain energy density of a network of flexible chains with constrained junctions, and the stress-strain relations are simplified for uniaxial and biaxial deformations. The importance of introduction of a solvent-dependent reference configuration is discussed in Section 4 where observa-tions are studied in uniaxial tensile tests on nanocomposite hydrogels subjected to swelling and drying. Adjustable parameters in the constitutive equations are determined in Section 5 by fitting experimental data on swollen elastomers, chemical gels, and physical gels under biaxial deformations. Concluding remarks are formulated in Section 6.
Constitutive model
A hydrogel is treated as a two-phase medium composed of immiscible solid and fluid constituents (mass exchange between the phases is disregarded). The fluid and solid phases are modeled as interpenetrating continua (any elementary volume contains elements of both phases). The solid phase is thought of as a network of polymer chains bridged by permanent (covalent cross-links) and temporary (entanglements and physical cross-links) junctions. When external load is applied to a hydrogel specimen immersed into a solvent, the specimen deforms, and solvent molecules diffuse through the network inducing its swelling and redistribution of load.
Free energy density of a hydrogel
To develop a tractable model for the elastic behavior of a hydrogel under finite deformations, we identify its mechanical response with that of the polymer network. For definiteness, the initial configuration of a hydrogel is chosen to coincide with that of an undeformed dry specimen. Transition from the initial configuration to the actual configuration of a hydrogel is determined by the deformation gradient F. The Cauchy-Green tensors for transition from the initial to actual configuration read
where the dot stands for inner product, and > denotes transpose (B ij ¼ F ik F jk in Cartesian coordinates). The principal invariants of the Cauchy-Green tensors are denoted as J 1 ; J 2 ; J 3 . The reference configuration of the polymer network (the configuration in which stresses in chain vanish) differs from the initial configuration. Local transformation of the initial configuration into the reference configuration is described by the deformation gradient f, while local transformation of the reference configuration into the actual configuration is determined by the deformation gradient F Ã . These tensors are connected with tensor F by the multiplicative decomposition formula (Lubarda, 2004) 
Assuming the polymer network to be isotropic, we set
where f stands for the coefficient of inflation of the network under transition from the initial to the reference configuration, and I is the unit tensor. Eqs. (2) and (3) imply that
Let W be the specific free energy of a hydrogel (per unit volume in the initial configuration). The free energy density of a hydrogel with an isotropic polymer network is treated as a function of five arguments
where n stands for number of solvent molecules per unit volume of a hydrogel in its initial state, and t denotes time.
As an example of expression (6), the following equation is adopted (Chester and Anand, 2010) 
where an explicit dependence on t accounts for rearrangement of the polymer network driven by diffusion of solvent. The specific energy of mixing is treated as a function of concentration of solvent only,
Within the Flory-Huggins theory of mixing (Chester and Anand, 2010; Duda et al., 2010) , this function is given by the equation
where k B is Boltzmann's constant, T stands for absolute temperature, v is the characteristic volume of a solvent molecule, v denotes the Flory-Huggins interaction parameter, and
are volume fractions of the fluid and solid phases, respectively. The coefficient / s is introduced in the left-hand side of Eq. (10) due to the fact that the right-hand side of this equation equals the specific energy of mixing per unit volume in the deformed configuration.
Derivation of constitutive equations
To develop constitutive equations, we apply the method proposed by Hong et al. (2008) : the problem of mechanical deformation of a hydrogel subjected to swelling is immersed in a larger class of problems with volume and surface mass uptake (in terminology of Hong et al., 2008 , pumps injecting solvent are ascribed to each elementary volume of a specimen).
Under quasi-static deformation of a hydrogel, the first PiolaKirchhoff stress tensor P satisfies the equilibrium equations
inside an arbitrary domain X occupied by the hydrogel in the initial configuration, and
at the boundary @X of this domain. Here $ 0 stands for the gradient operator in the initial configuration, b denotes volume force, t is surface traction, and n 0 is unit outward normal vector at @X. Changes in number of solvent molecules n with time are governed by the equations @n @t
at @X. Here R stands for the rate of injection of solvent molecules per unit volume, r is the rate of injection of solvent molecules through unit boundary surface, and j 0 denotes the flux vector in the initial configuration (number of solvent molecules moving through unit surface per unit time). Solvent diffusion in an isotropic polymer network is described by the diffusion equation
where D stands for diffusivity, N ¼ n= det F denotes concentration of solvent molecules per unit volume in the actual configuration, and j; $ are the flux vector and the gradient operator in the actual configuration. Keeping in mind that
we present Eq. (16) in the form
Deformation gradient F and number of solvent molecules n are connected by the molecular incompressibility condition
which means that volumetric macro-deformation is driven by changes in concentration of solvent molecules. The free energy imbalance equation is written in the form (Hong et al., 2008) d dt
where the term in the first parentheses denotes work of external forces (per unit time), and that in the other parentheses stands for rate of changes in the free energy driven by mass flux. Here v stands for the velocity vector, dV is volume element, and dA is surface element (volume and surface elements are determined in the initial configuration). Standard transformations of the expression in the first parentheses in Eq. (19) (integration by parts with application of Eqs. (12) and (13)) result in the formula
where T is the Cauchy stress tensor connected with the Piola-Kirchhoff tensor P by the equation
and D is the rate-of-strain tensor expressed in terms of the velocity gradient
Calculation of the derivative of the free energy density (6) with the help of Eq. (5) implies that d dt Transformation of the expression in the first parentheses in Eq. (21) is standard. First, we replace the derivatives of the principal invariants by means of the derivatives of the Cauchy-Green tensor B,
where the superscript dot stands for the derivative with respect to time. By applying the formulas
that follow from the kinetic equation for the tensor B,
we find that
The second term in Eq. (21) is transformed by integration by parts with the help of Eqs. (14) and (15),
Substitution of Eqs. (22) and (23) 
The molecular incompressibility condition (18) establishes a connection between the deformation gradient F and the rate of injection of solvent R. 
Multiplying Eq. (26) by an arbitrary function P, integrating over X, and performing integration by parts with the help of Eq. (15), we arrive at
Insertion of Eqs. (20), (24) and (27) 
Keeping in mind that R; r; D are now arbitrary rates of injection of solvent molecules and deformation (the only connection between them (18) is accounted by means of the function P), we conclude that the thermodynamic inequality (28) is satisfied, provided that (i) the Cauchy stress tensor is given by 
Keeping in mind that the last integral in Eq. (31) is non-negative, and using Eq. (25), it suffices to require that
in order to satisfy the free energy imbalance condition. Eq. (32) imposes restrictions on the explicit dependence of the specific free energy on time, on the one hand, and characterizes evolution of the parameter f under swelling and drying, on the other. To rearrange Eq. (29), we replace B 2 by means of the HamiltonCayley theorem
and obtain
To apply Eq. (33) for approximation of observations, it is convenient to split the deformation gradient F into the product of the deformation gradient driven by swelling from the dry state into the undeformed swollen state ð1 þ nvÞ 1 3 I and the deformation gradient induced by loadingF, 
Given functions W and f, Eqs. (18), (30), (34) and (35) provide constitutive equations in finite elasticity of hydrogels subjected to swelling. These equations should be accompanied by the equilibrium Eq. (12), the diffusion equation @n @t
that follows from Eqs. (14) and (17) with R ¼ 0, and appropriate boundary conditions (13) and (15).
Particular cases
We now concentrate on three particular cases when Eq. (36) is satisfied identically which leads to noticeable simplification of the stress-strain relations.
Rapid deformation of an annealed hydrogel
Preparation of hydrogel samples for conventional short-term mechanical tests involve two steps. First, a specimen is swollen in a solvent (until concentration of solvent molecules reaches some fixed value). Secondly, the specimen is annealed (preserved without direct contact with solvent in order to get a homogeneous distribution of solvent molecules across the sample). As a result, chemical potential of solvent molecules l becomes independent of spatial coordinates, but, in general, it does not coincide with chemical potential in the bath l 0 : the processes of annealing (l becomes constant) and equilibration (l becomes constant and equal l 0 ) are distinguished. It is natural to presume that after annealing, the number of solvent molecules n is independent of spacial coordinates as well.
When mechanical tests are conducted on annealed (homogeneous) specimens with a relatively high strain rate to exclude solvent diffusion (which means that n remains constant under deformation), Eq. (35) together with Eqs. (7)- (9) implies that
Eq. (37) differs from the conventional equation for an incompressible elastic medium by the presence of multipliers in parentheses only.
Free swelling
Under free swelling of a hydrogel (transition from the initial state of a specimen to its equilibrium fully swollen state in which external forces vanish and chemical potential of solvent molecules l coincides with that in the bath l 0 ), we set
in Eq. (35), and calculate P from the equilibrium condition T ¼ 0,
where we accounted for the equalities
Inserting this expression into Eq. (30) and equating chemical potential of solvent in the hydrogel to that in the bath l 0 , we find that
Substitution of Eqs. (7)- (9) into Eq. (40) results in the nonlinear algebraic equation for concentration of solvent molecules n,
whose left-hand side is calculated under condition (39).
Slow deformation of a fully swollen hydrogel
When a hydrogel specimen is fully swollen in a solvent before application of external loads, and slow deformation of the specimen is conducted (which means that the characteristic strain rate is substantially lower than that of solvent diffusion), one can presume a specimen to remain in thermodynamic equilibrium under deformation. It follows from Eq. (30) and the equilibrium condition
Substituting this expression into Eq. (35) and using Eqs. (7)- (9), we arrive at the formula
Eq. (42) resembles the stress-strain relation for a compressible elastic medium whose ''compressibility'' is governed by Eq. (18).
Strain energy density of a polymer network
Our aim now is to introduce an explicit expression for strain energy density of a polymer network W mech , see Eq. (8), and to present the stress-strain relations in the form convenient for numerical simulation.
Flexible chains with constrained junctions
With reference to the Flory concept of flexible chains with constrained junctions (Flory, 1977) , we presume the polymer network to be composed of two interpenetrating networks of flexible chains: chains of the first network are bridged by entanglements that move affinely with a hydrogel, whereas chains of the other network are connected to non-affine junctions whose motion is constrained by surrounding macromolecules. Neglecting interactions between the networks, we write
where W ð1Þ mech ðJ 1Ã ; J 2Ã ; J 3Ã ; tÞ and W ð2Þ mech ðJ 1Ã ; J 2Ã ; J 3Ã ; tÞ are strain energy densities of the affine and non-affine networks.
Under swelling, both networks inflate separately, which means that their deformation gradients F Ã are determined by Eq. (4) with different coefficients f 1 and f 2 . According to Eq. (5), the principal invariants J mÃ (m ¼ 1; 2; 3) read
for the affine network, and
for the network with constrained junctions.
Substituting Eqs. (7) and (43) into Eqs. (32) and (33) and keeping in mind that the energy of mixing W mix is independent of time and principal invariants of the Cauchy-Green tensor, we arrive at the stress-strain relation
and the thermodynamic inequality
Under rapid deformation of annealed hydrogel specimens, when the number of solvent molecules n becomes independent of time and spacial coordinates, Eq. (44) is simplified. Upon insertion of Eqs. (11) and (34) 
where / s is given by Eq. (11), and 
In the Flory model, the strain energy density of the affine network is described by the neo-Hookean formula (Wall and Flory, 1951) 
and the strain energy density of the network with constrained junctions is given by (Drozdov and Christiansen, 2013 )
where G 1 and G 2 stand for elastic moduli. Although Eqs. (46), (47), (49) and (50) are convenient for simulation (their structure is simple, and they involve only four adjustable parameters G 1 ; G 2 ; X 1 ; X 2 ), it is hard to expect that these relations can describe correctly the mechanical behavior of hydrogels under multiaxial deformation. For example, these equations imply a strong (proportional to the fifth power of elongation ratio) growth of tensile stresses under equi-biaxial deformation which is not confirmed by observations. Two phenomenological approaches are suggested to modify Eqs. (49) and (50). The first consists in replacement of Eq. (49) with the Gent equation (Gent, 1996) 
where J is an additional parameter that characterizes maximum extensibility of chains (Eq. (51) is transformed into Eq. (49) when jJ 1Ã À 3j ( J), and replacement of the expression in square brackets in Eq. (50) with its nonlinear counterpart
where a stands for a dimensionless exponent, and an additive constant in the expression for W ð2Þ mech is neglected. Substitution of expressions (51) and (52) into Eq. (47) implies that
According to the other approach, the expression in parentheses in Eq. (49) is replaced by the power-law function
where b is a dimensionless exponent, whereas Eq. (50) is replaced with Eq. (52). For the strain energy density (43), (52) and (54), the functions w 1 and w 2 are given by
Eqs. (53) and (55) are similar in structure. The only difference between them consists in treatment of extensibility of chains belonging to the affine network: Eq. (53) presumes these chains to break when their elongation exceeds the ultimate value determined by parameter J, whereas Eq. (55) with b > 1 presumes a strong growth of stresses in these chains only. It will be demonstrated in what follows that Eq. (53) is applicable to the description of the mechanical behavior of swollen elastomers and chemical gels, while Eq. (55) is suitable for the analysis of the elastic response of physical gels. Eqs. (46) and (53) or (55) provide stress-strain relations in finite elasticity of hydrogels with an arbitrary, but fixed degree of swelling under rapid deformation. These equations involve six material parameters with transparent physical meaning: (i) G 1 and G 2 denote elastic moduli of affine and non-affine networks of flexible chains, (ii) X 1 and X 2 characterize the reference states of these networks, (iii) a accounts for nonlinearity of the response of the network with constrained junctions, and (iv) J in Eq. (53) In what follows, a, b, and J are treated as material constants (independent of concentration of solvent nv). Elastic moduli G 1 and G 2 are presumed to be independent of degree of swelling for elastomers and chemical gels (these quantities are proportional to numbers of chains in affine and non-affine networks), but can depend on nv for physical gels and nanocomposite gels whose swelling is accompanied by breakage of bonds between polymer chains and between nanoparticles forming a secondary network. Coefficients X 1 and X 2 are the only parameters in the model affected by solvent content. For definiteness, we postulate that these quantities equal unity in the as-prepared state,
Eq. (56) means that the reference state of affine and non-affine networks coincides with the undeformed state of as-prepared hydrogels.
3.2. Stress-strain relations under uniaxial and biaxial deformations 3.2.1. Uniaxial tension Uniaxial tension of an incompressible medium is described by the deformation gradient
where e m are unit vectors of a Cartesian frame, stands for tensor product, and k denotes elongation ratio. Substituting Eq. (57) into Eq. (46), and taking into account that the Cauchy stress tensor is given by T ¼ rke 1 e 1 , where r is engineering stress, we find that
Equi-biaxial tension
Under equi-biaxial tension of an incompressible continuum, the deformation gradient readsF
Combining Eqs. (46) and (59) and keeping in mind that T ¼ rkðe 1 e 1 þ e 2 e 2 Þ, where r stands for engineering stress,
3.2.3. Pure shear Under pure shear of an incompressible medium, the deformation gradient is given bỹ
and the Cauchy stress tensor reads T ¼ r 1 ke 1 e 1 þ r 2 e 2 e 2 , where r 1 and r 2 denote longitudinal and transverse engineering stresses. Insertion of Eq. (61) 
Eqs. (58), (60) and (62) together with Eqs. (53) or (55) provide stress-strain relations for uniaxial tension, equi-biaxial tension, and pure shear of annealed hydrogel specimens with an arbitrary degree of swelling.
Fitting of observations under uniaxial tension
To demonstrate that introduction of the reference configuration of a polymer network (that differs from the undeformed configuration of a hydrogel in a swollen state) is important for the analysis of experimental data, we focus on observations on nanocomposite hydrogels under uniaxial tension with finite strains.
DMAA-NC hydrogels
We begin with fitting experimental data on dimethylacrylamide/nanoclay (DMAA-NC) hydrogels (Haraguchi et al., 2010) . Specimens were manufactured by free-radical polymerization of N; N-dimethylacrylamide (DMAA) monomers in aqueous dispersions of synthetic hectorite nanoclay (NC) Laponite XLG by using potassium persulfate (KPS) as an initiator and N; N; N 0 ; N 0 -tetramethylenediamine (TEMED) as a catalyst. Concentrations of polymer and clay in the as-prepared samples read / pol ¼ 99 g/L and / clay ¼ 38 g/L, which implies the degree of swelling nv ¼ 7:2. After preparation, specimens were dried slowly down to various degrees of swelling nv ¼ 0:06, 0.8, 1.7, and 3.0, annealed in the dried state, re-swollen in water to reach the degree of swelling for as-prepared specimens, and annealed in the final state.
Uniaxial tensile tests were conducted on as-prepared samples and specimens subjected to drying and re-swelling at room temperature with strain rate 6 Á 10 À2 s À1 up to breakage of specimens. As duration of the deformation process does not exceed 4 min, water diffusion through specimens and its evaporation at their surfaces are disregarded.
Stress-strain diagrams on as-prepared and dried and subsequently re-swollen samples are depicted in Fig. 1 , where engineering stress r is plotted versus elongation ratio k. According to this figure, drying and swelling of nanocomposite specimens affect strongly their elastic response inducing a substantial increase in tensile stress r.
It seems difficult to describe these observations by means of constitutive equations in finite elasticity of hydrogels with the same elastic moduli for all diagrams (these moduli are proportional to numbers of chains in corresponding networks which do not change under drying and re-swelling).
To approximate these observations within the model (53) and (58) with solvent-dependent reference states, we identify the net-work of polymer chains in a nanocomposite hydrogel with affine network and the network of interacting clay platelets (forming the so-called house-of-cards structure, see Haraguchi and Li, 2006) with the network of chains with constrained junctions. For as-prepared samples, the reference states of these networks coincide with the undeformed state of the hydrogel, which means that Eq. (56) is fulfilled. Under drying and re-swelling, reference states of these networks change due to rearrangement of the house-ofcards structure of clay platelets, which implies that parameters X 1 and X 2 become functions of degree of swelling nv in the dried state. All other parameters are presumed to remain independent of nv (these quantities are determined by concentrations of polymer, clay, and water in nanocomposite hydrogels).
To find adjustable parameters in the stress-strain relations, we, first, approximate the stress-strain diagram on the as-prepared specimen. According to Eqs. (53), (56), and (58), this curve is described by four parameters, G 1 ; G 2 ; J, and a. The quantities J and a are found by the method of nonlinear regression, and the moduli G 1 and G 2 are calculated by the least-squares technique.
Afterwards, we fix the best-fit values G 1 ¼ 43:2 kPa, G 2 ¼ 13:9 kPa, a ¼ 0:7; J ¼ 454:0, and approximate observations on specimens subjected to drying and re-swelling with the help of two parameters, X 1 and X 2 , only. Each set of experimental data is matched separately. Fig. 1 demonstrates good agreement between the observations and the results of numerical analysis. The effect of concentration of solid phase in the dried state / s on coefficients X 1 and X 2 is illustrated in Fig. 2 . The data are approximated by the equations
with coefficients calculated by the least-squares method. Fig. 2 shows that Eq. (63) describes evolution of the reference states of the networks under drying and re-swelling correctly when different coefficients are employed below and above some critical concentration / cr s % 0:4.
NIPA-NC hydrogels
We proceed with fitting observations in uniaxial tensile tests on isopropylacrylamide/nanoclay (NIPA-NC) hydrogels (Haraguchi and Li, 2009 ). Specimens were prepared by free-radical polymerization of N-isopropylacrylamide (NIPA) monomers in aqueous dispersions of nanoclay Laponite XLG by using KPS as an initiator and TEMED as a catalyst. Concentrations of polymer and clay in samples NIPA-NC4 and NIPA-NC6 (the last digit stands for the amount of nanoclay in aqueous dispersion in mol.%) read
Before testing, as-prepared specimens (with nv ¼ 6:89 for NIPA-NC4 and nv ¼ 6:21 for NIPA-NC6 we dried (swollen) down (up) to various concentrations of water: nv ¼ 1:4, 1.59, 2.32, 3.02, 3.64, 5.56, 5.87, and 14.78 for NIPA-NC4 and nv ¼ 1:73, 2.25, 3.0, 3.53, 5.11 for NIPA-NC6. Then the specimens were annealed in the dried (swollen) state to reach homogeneous distribution of water.
Uniaxial tensile tests were conducted on annealed specimens at room temperature with strain rate 0.28 s À1 up to their breakage. As the duration of tests does not exceed 1 min, changes in water content induced by its diffusion across the specimens and evaporation at their surfaces are disregarded.
Experimental stress-strain diagrams are presented in Fig. 3 (NIPA-NC4) and Fig. 4 (NIPA-NC6), where stress r is plotted versus elongation ratio k. These figures demonstrate a pronounced increase in stress under drying and noticeable changes in shapes of the stress-strain curves.
Observations depicted in Figs. 3 and 4 are approximated by Eqs. (53) and (58). Each set of experimental data is fitted separately. We begin with the stress-strain curves on as-prepared specimens, use Eq. (56), and determine G 1 ; G 2 ; J; a from the condition of the bestfit of experimental data. The quantities J; a are found by the method of nonlinear regression, and G 1 ; G 2 are calculated by the leastsquares technique.
To match the other stress-strain diagrams, the following assumptions are adopted: (i) after drying and annealing, the reference configuration of the network of clay platelets coincides with the undeformed configuration (X 2 ¼ 1); (ii) the number of clay platelets in the network with constrained junctions is unaffected by drying, but strength of constraints imposed on their displacements decreases with degree of swelling (G 2 decays with nv); (iii) the number of chains in the polymer network is unaffected by drying (G 1 is independent of nv), but their reference configuration changes under drying due to rearrangement of the house-ofcards structure formed by nanoparticles (X 1 evolves with nv).
Under these assumptions, each stress-strain diagram on dried and swollen specimens is described by two parameters, X 1 and G 2 , only. The other material constants accept their best-fit values found by fitting observations on as-prepared samples: Figs. 3 and 4 reveal good agreement between the experimental data and results of numerical analysis. The effect of swelling and drying on G 2 and X 1 is illustrated in Figs. 5 and 6, where these quantities are plotted versus concentration of solid phase / s . Figs. 5 and 6 demonstrate that G 2 and X 1 increase with / s and tend to infinity when / s approaches its critical value / g s (corresponding to transition of nanocomposite hydrogels from their rubbery to glassy states). The data are approximated by the equations are weakly affected by nanoclay content, whereas the effect of drying on X 1 is more pronounced in NIPA-NC4 than in NIPA-NC6 (coefficient X 1 1 for NIPA-NC4 exceeds that for NIPA-NC6 by a factor of 3.8).
The glass transition corresponding to the critical concentration of solid phase / To examine how the reference configuration of nanocomposite hydrogels evolves with nanoclay content, we calculate f 1 from Eq. (48) and plot this parameter versus concentration of solid phase / s in Fig. 7 . This figure shows that the data for NIPA-NC4 and NIPA-NC6 lie on the same curve (which means that the reference state of the polymer network is weakly affected by / clay ), and the data can be approximated by the function
with coefficients calculated by the method of nonlinear regression. To demonstrate applicability of the model to the analysis of elastic behavior of nanocomposite hydrogels subjected to swelling, thermodynamic inequality (45) it suffices to verify the condition
The expression in square brackets is non-negative for the following reasons: (i) the term in parentheses is non-negative as all derivatives of the strain energy density with respect to principal invariants are non-negative, (ii) the derivative @W ð2Þ mech =@/ s is positive as the modulus G 2 grows with / s (Figs. 5 and 6), (iii) the derivative @f 1 =@/ s is negative as coefficient of inflation f 1 decreases with / s (Fig. 7) . Bearing in mind that d/ s =dt 6 0 when / s decays with time under swelling, we conclude that Eq. (66) is satisfied, which implies that the results of fitting observations are in agreement with the free energy imbalance equation.
Fitting of observations under two-dimensional deformations
Although the above analysis confirms that the constitutive equations can be applied to fit experimental data under uniaxial tension, it appears to be insufficient for validation of the stressstrain relations. The latter requires investigation of the mechanical response of hydrogels under multi-axial deformations and comparison of the model predictions with observations in independent tests.
Our aim now is to analyze stress-strain diagrams under uniaxial tension, equi-biaxial tension, and pure shear of swollen elastomers and hydrogels. For all materials, distribution of solvent at the initial instant is presumed to be homogeneous (samples are annealed before loading), and its transport through specimens under deformation is disregarded (characteristic strain rate exceeds that for solvent diffusion).
Swollen elastomers
We begin with fitting observations on polybutadiene rubber swollen in bis(2-ethylhexyl)adipate (Bitoh et al., 2010 (53), (58) and (60). To reduce the number of material constants, we set J ¼ 1, which means that the elastic behavior of the affine network is described by the neo-Hookean formula (49). We begin with fitting observations on non-swollen elastomer (Fig. 8A) for which Eq. (56) is adopted (the initial and reference states of non-swollen rubber coincide). Under assumptions (49) and (56), the mechanical response of dry elastomer is determined by three parameters, G 1 ; G 2 ; a. The exponent a is calculated by the method of nonlinear regression, and the moduli G 1 ; G 2 are determined by the least-squares technique.
To approximate observations on swollen elastomers, we fix the (48) and plot these parameters versus / s in Fig. 13 . The data are approximated by the linear equations
with coefficients calculated by the least-squares method. Keeping in mind that f 1 and f 2 decrease monotonically with / s , whereas elastic moduli G 1 and G 2 remain constant, we conclude that thermodynamic inequality (45) is fulfilled under swelling.
Chemical gels
To evaluate how structure of cross-links affects the elastic response of chemical gels, we approximate observations on three types of covalently cross-linked hydrogels: tetra-amine terminated polyethylene glycol (Tetra-PEG) hydrogels, polyrotaxane (PR) hydrogels with movable cross-links, and poly (acrylamide) (PAAm) hydrogels cross-linked with methylene-bis-(acrylamide). To reduce the number of adjustable parameters in the constitutive equations, we set
which implies that the reference state of the network with constrained junctions coincides with the undeformed state of swollen hydrogels, whereas the reference state of the affine network X 1 can differ from this state.
Tetra-PEG hydrogels
We begin with the analysis of experimental stress-strain diagrams on Tetra-PEG hydrogels. For a detailed description of preparation of specimens, we refer to Katashima et al. (2012) . Observations at room temperature on as-prepared Tetra-PEG hydrogel specimens with polymer content / s ¼ 0:0662 and 0.0961 in equi-biaxial and pure shear tests with strain rate 2 Á 10 À2 s À1 are reported in Figs. 14 and 15 (Katashima et al., 2012) together with results of numerical simulation. Approximation of the stress-strain diagrams on as-prepared samples is conducted under condition (56) with the help of four adjustable parameters G 1 ; G 2 ; J; a. As experimental data in uniaxial tests are not provided, the fitting procedure is modified. First, observations are matched on specimens with / s ¼ 0:0662 (Fig. 14) by means of Eqs. (53), (60) and (62), where J and a are determined by the method of nonlinear regression, and G 1 ; G 2 are calculated by the least-squares technique. Then the best-fit values a ¼ 0:36; J ¼ 50:0 are fixed, and experimental data on specimens with / s ¼ 0:0961 are fitted with the help of two parameters, G 1 ; G 2 , only (their best-fit values are collected in Table 1 ).
PR hydrogels
Polyrotaxane (PR) hydrogels were manufactured by intermolecular cross-linking of PRs composed of a-cyclodextrin (CD) and poly (ethylene glycol) (PEG) capped with 1-adamantanamine using 1,4-butanediol diglycidyl ether as a cross-linker. To prepare hydrogel specimens, PR and cross-linker were dissolved in NaOH aqueous solutions with initial concentration of polymer / pol ¼ 150 g/L and cross-linker / cl ¼ 5 and 10 vol.% (these specimens are designated as PR-5 and PR-10, respectively). For details of preparation of PR hydrogels and discussion of their molecular structure (a network of chains with movable cross-links composed of two cyclic molecules), the reader is referred to Bitoh et al. (2011) . After gelation, the samples were fully swollen and dried. The dry samples were swollen once more in a controlled amount of dimethyl sulfoxide (DMSO). Mechanical tests were conducted on annealed swollen specimens with a fixed concentration of solid phase / s ¼ 0:34. Experimental data at room temperature on PR hydrogels in uniaxial, equi-biaxial, and pure shear tests with strain rate 2 Á 10 À2 s À1 are depicted in Figs. 16 and 17 (Bitoh et al., 2011) together with results of numerical simulation.
To reduce the number of parameters to be determined by matching observations, we set J ¼ 1, which means that the elastic behavior of the affine network is described by the neo-Hookean Eq. (49). First, we approximate stress-strain diagrams in uniaxial and equi-biaxial tests on PR-10 specimens by means of Eqs. (53), (58), (60) and (68) with four parameters, G 1 ; G 2 ; X 1 ; a. Afterwards, we fix the best-fit value a ¼ 0:42, and fit observations in uniaxial and equi-biaxial tests on PR-5 specimens with three coefficients, G 1 ; G 2 ; X 1 . The best-fit values of material constants are listed in Table 2 . Finally, numerical simulation is performed of stress-strain curves under pure shear by using Eqs. (53) and (62) with the material constants reported in Table 2 .
PAAm hydrogels
Poly(acrylamide) (PAAm) hydrogels were prepared by freeradical polymerization of acrylamide monomers with methylenebis-(acrylamide) as a cross-linker and ammonium persulfate as an initiator (Yohsuke et al., 2011) . Hydrogels were manufactured by dissolving monomers (with initial concentrations / 0 s ¼ 0:1, 0.15, and 0.2) and cross-linker (with a fixed molar ratio of monomers and cross-linker n ¼ 2000) in water. After polymerization, specimens were allowed to uptake water until swelling equilibrium is reached (l ¼ l 0 ). Mechanical tests were conducted at room temperature with a constant strain rate 2 Á 10 À2 s À1 on swollen samples with polymer concentration / s ¼ 0:023, 0.042, 0.059. Experimental data in uniaxial, equi-biaxial, and pure shear tests are reported in Figs. 18-20 (Yohsuke et al., 2011) together with results of numerical simulation.
First, observations in uniaxial and equi-biaxial tests on specimens with / s ¼ 0:023 are fitted with the help of Eqs. (53), (58), (60) and (68) with five parameters, G 1 ; G 2 ; X 1 ; J; a. Then the best-fit values J ¼ 125:0; a ¼ 0:35 are fixed, and observations in uniaxial and equi-biaxial tests on specimens with / s ¼ 0:042 and 0.059 are matched with three coefficients, G 1 ; G 2 ; X 1 . Afterwards, simulation is conducted of stress-strain diagrams under pure shear by using Eqs. (53) and (62) with coefficients determined by fitting data in tensile tests. The effect of monomer content in the as-prepared state / 0 s on G 1 and G 2 is illustrated in Fig. 21 . The data are presented together with their approximations by the linear equations
with coefficients calculated by the least-squares method. This figure shows that elastic moduli grow linearly with / 0 s in accord with the conventional assumption in the statistical mechanics of polymer networks regarding proportionality of moduli and concentrations of chains.
Given X 1 , we calculate f 1 from Eq. (48) and plot this quantity versus concentration of solid phase in the fully swollen state / s in Fig. 22 . The data are approximated by Eq. (65) with coefficients calculated by the method of nonlinear regression. Fig. 22 reveals that f 1 decreases exponentially with / s , which implies that thermodynamic inequality (66) is satisfied. It is worth noting the difference between the dependencies reported in Figs. 7 and 22. The data in Fig. 7 are obtained by fitting observations on two hydrogels with a fixed concentration of solid phase in the as-prepared state / 0 s subjected to drying down to various degrees of swelling, whereas those in Fig. 22 are found by approximation of the experimental stress-strain diagrams on fully swollen hydrogels with various concentrations of solid phase in the as-prepared state.
For a further discussion of the influence of monomer/crosslinker ratio on material constants, we approximate experimental data (Bitoh et al., 2011) on fully swollen PAAm hydrogel with monomer concentration / 0 s ¼ 0:2 (the same as for the observations depicted in Fig. 20 ) and monomer/crosslinker molar ratio n ¼ 6400 which exceeds that in specimens whose stress-strain diagrams are reported in Fig. 20 . Due to the reduction in concentration of crosslinker at the stage of polymerization, concentration of solid phase in the fully swollen state of the hydrogel decreases down to the value / s ¼ 0:03, which, in turn, induces a substantial decay in stresses under uniaxial, equi-biaxial, and pure shear tests (Fig. 23) . To compare material constants of PAAm hydrogels with different ratios n, we approximate experimental data in Fig. 23 by using a and f 1 that were found in matching observations in Fig. 20 (fitting is conducted with the help of three parameters, G 1 ; G 2 ; J, only). Table 3 .
Physical gels
To reveal the difference between the elastic responses of physical and chemical gels, we approximate observations on poly(vinyl alcohol) (PVA) hydrogels. Specimens were prepared by dissolution of PVA in a mixture of dimethyl sulfoxide (DMSO) and water followed by gelation at T ¼ À20°C (Yohsuke et al., 2011) . After manufacturing, samples were allowed to swell in water until swelling equilibrium is reached. Observations on specimens with polymer content / Fig. 27 ). Following Urayama et al. (2006) physical and chemical gels are designated as PVA-P and PVA-C, respectively. All mechanical tests were conducted at room temperature with strain rate 2 Á 10 À2 s À1 . Approximation of observations on physical PVA gels is conducted by means of Eq. (55), (58), (60) and (62). As the stressstrain curve under uniaxial tension is not provided in Fig. 24 , the fitting procedure is slightly modified. We begin with matching experimental data on as-prepared specimens with / s ¼ 0:15 for which Eq. (56) is fulfilled. Stress-strain curves in equi-biaxial and pure shear tests are fitted with the help of Eqs. (55), (60) and (62) with four parameters, G 1 ; G 2 ; a; b. After finding the best-fit values a ¼ 1:17; b ¼ 1:41, we fix these quantities, and approximate observations under equi-biaxial tension and pure shear of specimens with / s ¼ 0:05 and / s ¼ 0:062 with the help of three parameters, G 1 ; G 2 , and X 1 (X 2 is given by Eq. (68) Fitting of experimental data on chemical PVA gel in the as-prepared state is carried out with the help of Eqs. (53), (56), (58) and (60) with four adjustable parameters, G 1 ; G 2 ; J; a. First, the data in uniaxial and equi-biaxial tensile tests are approximated to determine these quantities by the method of nonlinear regression. Afterwards, simulation of the mechanical response under pure shear is performed by means of Eqs. (53), (56) and (62). Results of numerical analysis are depicted in Fig. 27B together with the observations.
Discussion
Figs. 8-12, 16-20, 23, and 27 show good agreement between observations in uniaxial and equi-biaxial tests and results of numerical simulation for swollen elastomers and chemical hydrogels with various types of cross-links. These figures demonstrate ability of the model to predict stress-strain diagrams under pure shear when its parameters are determined by matching observations under uniaxial and equi-biaxial tension.
Figs. 24-26 confirm that constitutive equations describe adequately the mechanical response of hydrogels with physical cross-links under biaxial deformation. According to Figs. 25 and 26, the model can predict stress-strain curves under uniaxial tension of physical gels when its parameters are found by fitting observations under biaxial deformation. The constitutive equations overestimate slightly tensile stress, but the discrepancies between the data and their predictions are noticeably lower than those for other stress-strain relations (Meissner and Matejka, 2008) . The number of adjustable parameters in the stress-strain relations is comparable with those in other constitutive models able to describe observations in biaxial tests: six for the Ogden model (Ogden, 1972) and four for the Edwards-Vilgis model (Edwards and Vilgis, 1986 ). An advantage of the proposed approach is that the fitting procedure implies positive values of elastic moduli, while these quantities may become negative for other models (Yohsuke et al., 2011; Sasson et al., 2012) .
Analysis of the effect of concentration of solid phase / s on G 1 and G 2 leads to the following conclusions: (i) for swollen elastomers, elastic moduli are independent of / s , (ii) for chemical gels, moduli increase noticeably with / s (Fig. 21, Table 1 ), (iii) for physical gels, G 1 grows pronouncedly with / s , whereas G 2 is small and weakly affected by / s (Fig. 28) . Table 2 (PR hydrogels) shows that an increase in concentration of cross-links implies a strong growth of G 2 accompanied with a modest increase in G 1 . This result is in accord with basic assumptions of the model where G 1 is proportional to the number of entanglements and G 2 is proportional to that of constrained junctions. This conclusion is also confirmed by the data on nanocomposite hydrogels (where clay platelets surve as multi-functional cross-links) depicted in Figs. 5 and 6. Table 3 (PAAm hydrogels) demonstrates an increase in G 1 with cross-linker content similar to that observed for PR gels, and a weak decrease in G 2 . The difference between observations on PR and PAAm hydrogels may be explained by different conditions of testing: experiments on PR gels were performed at a fixed concentration of solvent, whereas those of PAAm gels were conducted at different / s .
Analysis of the influence of concentration of solid phase on dimensionless parameter f 1 (that characterizes reference configuration of the affine network) shows that f 1 decreases with / s in accord with thermodynamic inequality (66). The reduction in f 1 with / s is linear for swollen elastomers and physical gels (Figs. 13 and 29) and exponential for nanocomposite gels and chemical gels (Figs. 7 and 22 ).
The exponent a in Eqs. (53) and (55) is strongly affected by structure of hydrogels: it belongs to the interval ð0; 1Þ for elastomers and chemical gels and exceeds unity for physical gels.
Remarks
Two remarks should be made regarding applicability of the dependencies obtained in the analysis of observations on swollen elastomers and hydrogels.
The first is concerned with phenomenological Eqs. (65) and (67) for the effect of concentration of solid phase / s on coefficients of inflation f 1 and f 2 . Keeping in mind that the model treats f 1 and f 2 as functions of time that evolve under swelling, these relations should be considered as a result of integration of kinetic equations that connect changes in f 1 and f 2 with those in / s . For example, differentiation of Eq. (65) with respect to time implies that @f 1 @t ¼ ÀKðf
Replacing / s with the help of Eq. (11), we arrive at the differential equation for coupled diffusion and deformation of hydrogels
The other remark focuses on transition from the analysis of elastic response of hydrogels under conditions of rapid loading to non-stationary problems of their deformation accompanied by swelling. Investigation of the latter problem requires knowledge of the specific energy of mixing W mix that involves additional material constants. To evaluate these parameters, free swelling of hydrogels is analyzed together with its mechanical response under rapid deformation.
Within the Flory model of flexible chains with constrained junctions (43) (51) and (52) for the specific energy of mixing and strain energy densities of networks with affine and non-affine junctions, applying simplifying relation (68), and omitting simple algebra, we present Eq. (71) in the form convenient for numerical analysis 
Conclusions
Constitutive equations are developed in finite elasticity of hydrogels under an arbitrary deformation with finite strains. Novel expressions are proposed for strain energy density grounded on the Flory concept of flexible chains with constrained junctions whose reference (stress-free) configuration evolves with solvent content. Derivation of the stress-strain relations is based on the free energy imbalance equation for a compressible polymer network with a time-dependent reference state. A new thermodynamic inequality (32) is developed for the coefficient of inflation f of the polymer network.
The necessity to introduce a solvent-dependent reference state of a polymer network is confirmed by the analysis of experimental data on nanocomposite hydrogels subjected to swelling and drying before loading. Two critical concentrations of solvent are found for hydrogels with a secondary network of clay platelets (Figs. 5 and 6): one corresponds to transition of nanocomposite hydrogels from their glassy state into the rubbery state (with critical concentration of solid phase / g s ¼ 0:4 to 0.5), and the other corresponds to dissolution of the secondary network whose modulus vanishes at / d s % 0:2 to 0.25.
Material constants in the constitutive equations are found by fitting observations on swollen elastomers, chemical gels, and physical gels under uniaxial tension, equi-biaxial tension, and pure shear. Good agreement is demonstrated between experimental data on polybutadiene rubber, PAAm gel, Tetra-PEG gel, PR gel, and PVA chemical and physical gels and results of numerical simulation. Adjustable parameters in the constitutive equations change consistently with degree of swelling and cross-linker concentration. Their dependencies on polymer content allow the responses of swollen elastomers, chemical gels, and physical gels to be distinguished. In particular, elastic moduli of elastomers are independent of degree of swelling, those of chemical gels increase pronouncedly with concentration of solid phase / s , whereas for physical gels, the modulus of the affine network increases strongly with / s , while the modulus of the network with constrained junctions remains small and unaffected by solvent content.
